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Abstract

T

This chapter provides an introduction to unimodular gravity both at the classical and quantum levels,
discussing the role it might play in the partial solution of the cosmological constant problem. The main
objective of this work is to serve as a conceptual introduction to unimodular gravity without disregarding

computational detail. In that sense, techniques used at the research level are presented and applied in detail.
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Introduction

515

Unimodular gravity (UG) was first considered by Einstein in 1919 [1] as an attempt to make a connection
between gravity and Mie’s theory of electromagnetic wave scattering, published a few years prior. The original
proposal was a far cry from the current status of UG. However, 7 years later, in his book [2], Pauli discussed
the topic in a much more modern flavor. The theory took rise when the attractive properties of UG in the

context of a field theory were noticed in [3], which was soon followed by the works of [4-7].

285171 (UG) I R ZAWIET 1919 442 H [1], STERENLG1 5K R LEERT A R 8 F AT AN
BURZ AR, BRAIRIER BN A 85 [ S BT R BRI R Bz, (B 7 F)5, EAFEHZELE [2]
DA TP RRIAA HE T2, Xk [3] KRBT [ FEERESE S A& 2 5| A RTER
TG, ZEICTHAE, RS RERERILHSHR [4-7] FIAHSC TR,

UG was originally conceived as a metric theory of gravity in which the determinant of the metric satisfies

the unimodular condition:

LRG| RAIE SO — 5 | ) R B, Hr & B AT5 700 & L5 T

g = |det(gy)| = 1. @)

The general condition for a diffeomorphism (Diff in the sequel)

o I (R SCRIFR Diff) A9 — e

x - X, (2)

to preserve the unimodular condition is that the Jacobian satisfies

ORTF A BRSO PT EEAT AT 2

1A
T = det g"? 3)
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In a more modern language, UG is often introduced by considering an action functional for the metric

and the matter fields, represented here by ¢ :

FEHERRAIFRF, K85 EFEL5INERSYIFIARIERIZERNH, HAEH ¢ Fon:

Slg.él= f d (vol) £ [g. 4] @

for which the volume form is fixed, i.e.,

NFZIEHZE, ARTEREER, Al

d(vol) = wey, 1, dXFEA - AdxHd, (5)

and one then sets \/E = w . This theory then will not be invariant under general coordinate transfor-
mations Diff but under those coordinate transformations that preserve the determinant of the metric (and
hence the volume form). These are the volume-preserving These are the transverse, or volumepreserving
Diffs (VPD). It is well known [8] that not all Diffs that are close to the identity can be obtained by the expo-
nential map; nevertheless, the ones for which this is possible can be represented by a transverse vector:

BEREATE \/g = w o KEILTE— e bnal it Diff PRGN, ERRETHIE (Hitth
RIFFRIE ) RUARARAEH RS, IR RIS L, BIR A s CRAA R 2[RI (VPD), AR
®01[8], FARRTA T ERF R HAI R 73 [F AR AT DOsS fe Bt S 2, RAE N, W] PO e 8t
SIS ZIHTIREA 73[R R AT AR AT R B3RO

V=0, 6)

It is quite easy to check that VPD generate a subgroup of all Diffs connected to the identity, Diff, because

if & and £ are transverse, then so is their commutator:

RAEZRAE, CRAB D RIA R T B EE 28 S22 A5 o0 RIEAE Diff A9—DF8F, FEOvInR
R & R, ARA BN 5 T R M

&1, €] e vPD (7)
In UG, the equations of motion (EM)
A1, 85177 (EM)
88
E;w = @’ (8)

obey (see [12]) the following condition:

R~ 45t (=0 [12]):



Viy V¥Eye) = 0, ©)

which is equivalent to the existence of a function S such that

XEM TAAEER R S 15

VuE*, = V,S (10)

as long as the de Rham cohomology of the manifold is trivial Hg g (M) = 0 ; otherwise, harmonic contri-

butions have to be included. In fact,
HEGRE R ER G RV H gy (M) = 05 AN NERI IRk, L b,
8S = /d (Vo) By (VHEY + VVEH) =

= f d (vol) Eyp, (VF0"*BYV Q0 + VOrHYV Q5 ), (11

where

=

‘Q‘uv = _va NaBys = \/ésocﬁy& (12)

and the statement follows. Of course, in the Diff invariant case, S = constant.
ERECHSIE, MR, EMOFRAZNEE R, S =N,

Alternatively to this quick presentation, section “Linear Field Theory” closely follows the spirit of [3].
Thus, it reviews the general yet erroneous idea that general relativity (GR) is the only ghost-free theory of a

massless spin-two particle.

PR EREZEALEIN, “ERMEZIE” —TREIE SRR [3] R, ZTTEE T s EE R
s TSGR (GR) 2 ME—JC A TR N T B e R 51 B,

Let us precede this construction with a motivation for UG in the context of the cosmological constant
problem (CCP); see [9] for the original review or [10] for an updated and extensive bibliographic guide of
the topic. The aspect of the CCP considered here corresponds to the fact that contrary to Minkowski space-
time, where normal ordering can set vacuum energy to zero, on curved spacetimes, vacuum energy is naively
expected to contribute to the stress-energy tensor as

FERRITIX—H3E 2 T, BATTICAET 2 BRI (CCP) RIHEZR NP X AR51 1 (UG) IIWTFREHIL;
MR IR AGZRA SRR [9], 26T 1% LR S8 I RSk RS WLSCRR [10]0 A SIS A T - H &L
AR AZ O AE T2 72 5] FRIN 22 A AT TA] DOEIE IEMHE P R B S REE R, EEZSHiN = h, AR
PR RES X RESN SR E ATk, B0



(T | T} o 8y (13)

which has the same form as the CC term on the (EM) of GR:

RS AL (GR) Z R 712 (EM) R T8 A HBIE 25

1 ~
IQU—ER&w—A&w=2M%Ew+(nﬂ|nﬁ%&w) (14)

Here, T#v represents all contributions to the stress-energy tensors except the ones coming from the vac-

uum expectation value of quantum fields.
TEMAL, T, FRRTI-RERIKERRR B 87 B W E 2 SN BTk,

Therefore, in GR, the CC term and vacuum energy contributions to the stress-energy tensor have the

same form.
Rlite, £ SHMIeH, 82 F IS B2 R sEsh ik 2 ik E 22 M,

However, any gross estimate for the vacuum energy of quantum fields yields results over 30 orders of
magnitude from the observed value for the CC [9,10] . Thus, there is a fine-tuning problem in which the
different contributions to the vacuum energy, including those coming from phase transitions, have to cancel
to an accuracy way beyond 30 decimal places. It is in this sense that the CC is non-natural.

R, xR ESREREMTHER A TS HAZER, S50 7 BUEA =T 30 MIE
2¢[9,10] » [HlI, JXET‘ FE—DAEYIRE T ) ISR TIRRAE N, SRR B 23 RERY ST k6 A0
T, K BRI/ MEURUE 30 AL, IERTERXNEN L, FHAHELRIFEARN,

In section "Non-linear Field Theory,” it is shown that, in the context of UG, the CC appears as an integra-
tion constant with no naturalness problem associated. This is followed by a discussion on the all-important
problem of coupling sources to UG in section "Physical Sources.” The status of Birkhoff’s theorem in UG
is discussed in section "No Birkhoff’s Theorem in UG.” Section "Unimodular Cosmology” is an invitation to
unimodular cosmology. In section “Tree Diagrams,” tree-level calculations for UG are presented. This is com-
pleted by the one-loop effect discussion of section "One-Loop Unimodular Gravity,” where necessary tools to
apply the path integral formalism to UG are introduced.

£ “REMEZIE” — TR BRITR R, fELRBSINIRERT, TR B0 DD BB
9, PDEEMXE BRI, EERIE “WRIR” —THe T 25 PRSP EREE
AR, BAHE “ KSR AEEREREE” —W e T 28510 MAERE BRI RS
Ulo “ABFHYE — BN ABETEHLZNNG, £ “WE” —7, JNGHT 2851 HrIREHT
BEER, BETRMNE RS 7 —WiHe TRERNY, FEZTIIA T REERD BN
MF 2851 IR T A,



Linear Field Theory

kit

This section reviews the theory of a linear field that only propagates a massless spin-two field, with two
polarization degrees of freedom (DOF). As originally discussed in [3] and later in [11], here it is shown that
the linear Diff’s invariance, LDiff, is too restrictive in the sense that the subgroup of volume-preserving linear
diffeomorphisms, LTDiff, can successfully do the job.

A ALK B ML B B (DOF) FYTE R & B BE 2 Stz Be, a0k [3] &e0iT
0. SCHR [11] JFELTHERIAREE, A &M RIEAZSE LDIff Y2508, TR ARRIZ R
IR FE LTDIff A] DU 24 Hini /i 3K,

The notion of a massless free particle in flat spacetimes is tied to the invariance under the Poincaré group
(in particular to the proper orthochronous Lorentz group L? ) of the unitary representation of the covering
group of the little group of the four-vector

FENZ MR E H BRI S R LR RIERTSMCARE £F ) TUsE/MEE S
HI A IEFRR AN PR AR

k = (E,0,0,E). (15)

To make the group finite-dimensional, gauge invariance introduces the equivalence class

NEEREBOVAIRYE, IEAZMESIA T EME

h,uv (k) = h,uv (k) + 2k(,u§v) (k) s (16)
with the two constraints
T B N R A
k2, (k) =0 and k,&* (k) = 0. 17)

As mentioned in [3], the first condition is too restrictive for interaction, so it must be discarded. At this

point, if one also drops the second condition,

EANSZHR 3] AR, SB— MR EAM S IRENI R, Fesisss, i, RBAIRN X
R ANAR,

h,uv (k) = h,uv (k) + 2k(,u§v) (k) s (18)

which is known to correspond to linearized diffeomorphisms LDiff. Nevertheless, from the above dis-
cussion, one can see that keeping the transverse condition does the job. This would correspond in position

space to



IXE ZANLTHON MER AL 7 IR LDiff, EM BRI n] PIA H, FREE R SRR AT i 2 25K, iX
TE AL B 2 TR R B

h/,w (X) = h,uv (x) + 26(/.1‘51)) (X) ’ (19)

36" (x) = 0. (20)

This characterizes linearized transverse diffeomorphisms, LTDiff.
XH R LM o R LTDIff FYRHIE,

A neat physical interpretation of Egs. (19) and (20) can be given by realizing that, from a physical per-
spective, LTDiff transformations have three DOF. These three DOF are enough to pass from the five DOF of

massive gravity to the two DOF of a theory that only propagates a massless spin-two particle.

XH3K (19) # (20) AT DAGS HTE MRV BR AR RE: MPIBEA SR, LTDIff BABA=1THBE, X=1H
HI R AR B R 5 1 TR T B AN (UE TR T B E e 2 KL BUeRI N B

Considering these observations, a linearized Lagrangian that is second order in derivatives and such that
it is ghost-free while only propagating a spin-two massless particle can be built. Writing the more general set
of operators that satisfy the above conditions,

FIXEEWER, BATA] DA — P SBE LM hiig I A &, By B OUE R TC R B e 2
Ry 5iihe EREANRTZENESE,

4
£=) cod (21)

i=0

where defining i = n®hgg = hy* - !
HAES h=n"Phyg = hy* -1
1 1
OW = 20,hapd*h™ 0P = —-0,h#46,h,/° (22)
1 1

0B = Eauhdlh“’l 0w = —Zai‘haﬂh (23)

Setting C; = 1 for normalization and requiring invariance under LTDiff yields 2

W Cy = 1 A—EFHF R E LTDIff A2, Alf5 2

Additionally, imposing invariance under Weyl transformations results in



HAh, BERIMREAZE RS E

n+2
n2 -’

C3 = % and C4 = (25)

1 When the background metric 8qp Is arbitrary, this will generalize to h = el hag - 2 For Fierz-Pauli,
C; = 1. Thus, LTDiff gives a less stringent condition.

VM REM g (EREN, I N h = g% hgp o 2 N TIE/REEFFIL, ¢ =1, Hitk, LTDiff
LA TR E BEAR,

LWTDiff > can be obtained by combining Egs. (21),(24), and (25).
LWTDIff > Al 54 21). (24) Fi1 (25) 153,

It is interesting to note that the same constraints for C; could have been obtained by starting from the

Fierz-Pauli Lagrangian (with C; = 1 ) rewriting
ERERERE, Xt C; FHRIZR AT NIERZE-EARAR I H & (A ¢ = 1) ik, BEETE
il

1
h/w - h;w - Ehr),uv (26)

Note that Eq. (26) does not represent a field redefinition, as it is not invertible.
HER, X @6) FAMMEZEHE X, Kefnli,

In the next section, the fully non-linear theory is developed, where LTDiff is substituted by TDiff. Recall
that TDiff correspond to VPD connected to the identity.

1E R—Tr, BTS2 dEL i3 e, Hrh LTDIff 4024 TDIff, [FIifin] 4], TDiff X%
JEEMEE TR VPD,

Non-linear Field Theory

Egtimie

In the previous section, the theory at the linear level was considered. The complete, non-linear theory

can be obtained by considering the Einstein-Hilbert action for a unimodular metric y,,, :

FERT—Tr, JATE TERERmAIHEIE, SERAARLIERIR n] OB AT R SR v, ROZ I
H-FmRMERER RS



S (8] = 555 [ d"WIR [10]. @7)

The EM can be obtained considering only transverse variations of the metric [12]. Consider for the mo-
ment a practical approach that will prove useful when quantizing. For this, define an auxiliary field from the

unimodular metric

Z RHE 75 RE A] DAOOEN 5 8 MR 22 921 [12], BATBHEN e —MEE T LI 3EH A R
KHTTE. Aitk, BAIMAEEME M8

1
Yuvo = 8uv8 ™ (28)

Since Eq. (27) is invariant only under volume-preserving diffeomorphism, for the allowed changes of
coordinates, the determinant of the metric will behave as a scalar and not as a density. Then, Eq. (28) can be

regarded as a conformal (or Weyl) transformation:

BT Q7) (HERERH 2RI AL, NTRFRLRES, ERRATII RO bR mAEE
&, K (28) AT AW HETE (BISVEK) 2t

Yuv = ez¢(x)guv . (29)

As previously noted, Eq. (28) is not a field redefinition because it is not invertible. Actually, the variation

can be written in terms of §g,,,

GnRETATIR, X (28) PREIEFE X, RANEARAH, LRk, ZorlBH 88, 5Hh:

11 1
870 = M 8gas =& (5 (9500 + 6362) - 2280 S (30)

3 The reason to consider LWTDiff will be discussed in section "Non-linear Field Theory.”

SEMAAE “IRERMEZE” — e I NRERI 2 RIRA SR,

It is impossible to recover the generic metric out of Einstein’s unimodular metric (the converse is, of
course, trivial). This action in an arbitrary frame is invariant under local Weyl transformations of the form of
Eq. (29).

BATTICTENE RSTE A A B LR Hy — B CHARSOIRZ D), RIEHBEEES SR T
A (29) FE A RIRIMR AL R 5L

The action (27), after integration by parts, 4 reads in terms of 8w

g nuiin)E, fEME (27)* AIbH g, 5N

10



1 1 (n—-1)(n—-2) V.gV¥ég
S[g,uv] = —z—ﬂfd”xgn <R [guv] + an2 g2 :

The gauge group for the action (31) is given (see [13]) by the semi-direct product

TEFE (31) KIALERE B ER% H (UL [13])

WTDiff = Weyl x TDiff.

The equations of motion for this action read > [14]

ZAEHRIIZENTTEN ° [14]

R

Hv

1 2-n)2n-1)(V.gV.g 1(Vg)’
— R + a2 2 n g tw +

n—-2(V,Vog 1V3g 1
o (g g ) =22 (- 7).
Choosing the gauge g = 1, Eq. (33) becomes the traceless EM of GR [1,15]:

WEHHE g = 1 )5, 3K (33) 2N SHXIR A TEI 2 RIHTE 7T 7 [1,15]:

1 1
Ry = R = 262 <TMU _ 7ng,ﬂ,>.

(31)

(32)

(33)

(34)

Now, in Eq. (34), there seems to be no CC. However, assuming the covariant conservation of the stress-

energy tensor6 and using the Bianchi identities,

e, 1 (G4) PELAFETHARE. A, BN ARERKEREHETE 6, FAIMZE

BEFN,

1 1
\Y <T“U——T ”w)z—— vr
K n' & nV -

1 -2 2x?
K (le - ERglw> - ”Zn VUR = —%V”T.

4 Usually, the integral of a covariant derivative vanishes because it can be written as

Lk, MESBIRSETE, RNER SN

so that

ES)lzn

11

(35)

(36)



f d"xq[gV , VH = f d"xd, (\/gV*) = 0,
assuming vanishing physical effects at the boundary. This is not true anymore with the unimodular

measure. What can be written instead is

RBADFAE BN A E . TR AR E R IX— KAz, TR DA HAE

fd”xg'%§ VK = "_2fd"xvﬂg'2_7n g
u n u

> Here, a stress-energy tensor has been introduced for completeness. Note also that T = T,,g"" . Sources
are properly dealt with in section ”Physical Sources.”

SN T SRR S I TR RER KR, EFEER T = T,,8" o IRAIHERAIISTE “WBRR"
— A IE,

® The validity of Eq. (35) is proven in section "Physical Sources.”

¢ K35 WAERECE “WEIR" —FHIEH,

In four dimensions,

FEVUZENSTIE T,

VH(2k*T+R)=0— 21*’T + R = —C. (37)

Plugging in the constraint Eq. (37) into the gauge fixed, four-dimensional EM,

R (37) ARARIVEIEE e BV 22 R T E- 22 ra i R B,

1
Ryy — ERgMU +Cgup = 2K Ty, (38)

In Eq. (38), the reader can appreciate the different context in which a cosmological constant term appears
in the EM as in contrast to GR. Here, it is an integration constant term, agnostic to the vacuum expectation
value of fields. This discussion will be continued when considering its stability under radiative corrections in

section "One-Loop Unimodular Gravity.”

BETTM (38) HB H, SRR T BIE 2 R0 5 S TR B PR T 5 SRR
HAME B— MR, SEM IR AET X, RAHE B ABET — e SR
IIE R M A SR IFIX — e,

12



Physical Sources

PIBLYR

The previous discussion only considered the metric without any matter content. The subtle issue of
coupling matter fields to UG is now considered in what follows. Only scalar matter is considered for simplicity.
The action of a scalar field minimally coupled to UG reads

Z RN R T A SEMYRIEN, T ORISR BRI 28510 (UG) X—#TF
[, AR, TS ERREYIR. &G 2IAES IR EEN

(n—-1)(n—-2) Vu.gV-ég
4n? g2

1 1
S=Sg+ Sy = ~53 d"xgn (R [gu0] + )+

+ [ anx[g (Ge0.9958) -V @) (39)

Defining 2x? = M"~2, Eq. (33) can be expressed as

ENX 22 =M"2, A 3)AIEHN

1 _
Ryy = —Rguy = M2 (I8, + T =

(n-2)(2n—1) (V&Y 1(Vg)
An2 g2 n g2 °W

2n n g ow

_"_—2<V#V”g _1Vi% )+
g ng

M2—n (

+— au¢av¢ - rllgaﬁaad’aﬁd’g;w) . (40)

Besides the matter part, Ji} , a gravitational piece ]ﬁy coming from the spacetime dependence of the
metric determinant has been included as a source. This is such that sources in the matter fields are defined
according to

BRYIBER Sy I A, EE T — R B ERAT AN R 5 1 DB, (EN IR, i, Y
AR AT 440 75 2U0E X

1 8S
nJh = = (41)
& 08uv
Similarly, for the gravitational piece,
Eh, X TF51E 7,
] _ l 2-n718 >= 6Sg
g (R,w nRg'uU + Mg | = Sg,,w' (42)

13



In this work, the standard definition of the energy-momentum tensor in GR is used. For a scalar field

with minimal coupling, this means

ASCRA XS IE (GR) HRER SN RIKBAIRETE Lo N T R/IMESHIINED, XEWE

1
T = 88,8 — (58%0at06 — V (®)) g (43)
Its trace is
Hiv oy
T = g% T, = nV — nT_z(w»)Z, (44)

so that the piece of the source that depends on the scalar field is precisely

I IR R R AR o e a2

1 1
J/Zl) = T/,w - ETg;w = ,u¢av¢ - Egaﬁaaqsaﬁqsgyw (45)
and does not include the potential energy.
HAESHEE
Let us revisit the covariant conservation equation used to prove (38):

FATER [N — N TIERA K (38) HIMME ST 1E T R

Vi (T - %Tg“”) = VT, (46)

This can be shown to hold in general precisely owing to the Ward identities of the area-preserving diffeo-
morphism plus Weyl symmetry. To be specific, the TDiff Ward identities guarantee that there is a function ©
such that

RTDAUERH, 1%\ AL, XIS i T OREAR G 0 R RIR B IESE AN MR PR, B AR,
YIS [RIRE (TDiff) TREEIE S A PRUETF FE R L © T2

1 1
Vi (gﬁ_E 5‘;‘;) =V'0 (47)

The variation of the action under a variation of the scalar field reads ’
TEFEX R IS 7

1 1
58Sy, = fd”xgﬁg””605¢ —-V'ép=— f d"x <6U (gﬁgﬂualxqb) + V/> o¢p =

14



= fd"xgr% (Vng - nz—_nngb . %) + V' (). (48)

7 Here, the prime denotes differentiation with respect to the scalar field.

TIHAL, SRR RIR S,

Note that the EM of the scalar field have changed their usual form, and now they read

TR, ZirEEESNRKECHE VaFIPX, HERERN

V¢ -V
Vig+gnv (g =2TE Ve (49)
2n 8
It is then not difficult to check that
AHESUE
zn v 1 2 . 2
Vi(g (VEvee - S (vege)) = g ve (v )=
=g Lyvr (50)
which modulo EM implies the desired result. Indeed, for any arbitrary constant value of 4,
fEPR AR RE RSN B K B MaE SR g R, FL b, NT ANEEERUE,
8S 8S 8S
\% i—) =(v,g +g' vV, —. 51
u<g 55 (Vg )5g ' Vigg (51)

Note that the additional term is multiplied by the EM.
HER, FYNIZFR EM,

The remainder of this section will be devoted to showing that, although the only allowed source of the
gravitational field in UG is just the traceless piece of the energy-momentum tensor

ATIRIARFR T RAER: RE 285171 (UG) /51 i — A vrR U2 REE s B Ik BRI TCE B
1
J,uv = T,uv - ETg/Jv’ (52)

the full free energy produced by arbitrary sources (not only static ones) is identical to the one predicted
by GR. This encompasses all weak field tests of gravitation. It is then convenient to restrict attention to the
quadratic action corresponding to fluctuations around a given flat background coupled to arbitrary external

sources; see [16].

15



FEFE (FREHSE) AR EHEST YA (GR) Y 7E 2 —8, XK= a5 1159
iR, Ritk, AT A EROGHe R N FAEFEYE 2%, a2 ERINRRN —IRIEH &;
2 NSCHk [16].

To deal with an arbitrary background, a detailed analysis of the equations of motion will be performed
to compare them to those of GR. The main conclusion here is that the UG ones are a subset of the ones
corresponding to GR, with the source restricted to its traceless piece and with a vanishing CC. This refines
a classical analysis [12]. There, it was argued that the Bianchi identities of UG imply a first integral of the
equations of motion, which, once used, made the unimodular theory fully equivalent to GR with an arbitrary
CC. Here a stronger result is proven, namely, that this CC must vanish at the level of external sources.

N THERE R, ASCEMBEh iR, H5T SHNIERIZsN TR b, ALK %
ZheTR: ARSI IREs AR S IeEs TR 8, HIFRFIV L2, BT aFEHE
(CO) NFE, XFEHE TN [12], HA [12] HERH, K5I HHZEEE RS2 %
HI—DEE 0, ANERNERKES I HEIC S ER T ERRH SUHEE 2. ASE
Y — /N EEsRAVEEIL: (ENERTE, % a2 H BN %,

Since they will play a crucial réle in what follows, a slight detour is now taken to derive the Bianchi
identities from the field theory viewpoint. Start by defining a one form §; = £,dx* as well as two forms

Q, = %Q qwdxH A dx . The transversality condition now reads

BT eSS AR SRR EM, BAIMEMIEmEE, MRSt EE &
TN —P—TeR & = g dx* AT ZITIER Q, = %Q#vdx“ AdxP o BEMERABERTS N

§ = —26Q,, (53)

where the codifferential is the adjoint operator of the exterior derivative. Acting on two forms,

HRor 2 SBIHE T, 1ERfE 2 IBE,

§ = *"1dx (54)

so that its components obey

(602), = =5V, (55)

n
The number of independent components of two forms is ( 5 ) , but the codifferential is nilpotent 6% = 0

, So one has to withdraw the three forms

RS B EH N ( : ) , BRI ZFEN &2 =0, FHBIHE=FK

16



Qz = 593 (56)

and from them, one withdraws the four forms, etc. The final counting of independent gauge parameters

is

MR E 4 TENRIDTRR, MRIESEHE, REMSZMTESERIITHECY

)00 ) =)=

n

where the relationship ), (—l)j (
j J

) = 0 has been used.
J

HAEZAH T RRR Y (1) (”) ~0,
J J

Taking into account that for antisymmetric tensors, Q%% = —QF% = Vavﬁmﬁ =0

FEENTRAIKE, Q% = -0 vV, V0 =0

5S 5S
0= [ d"x(Vyts+V —=fd”xVVPQ FVVPQ, ) 22 =
/ (Vo + Vgéa) 557 (Vo VPQgp + VpVPQq,) 557

1 &S
= -2 | d"x\[gQPPVPV  — . 58
f \/E * \/§ 5gocﬁ ( )
Assuming that QPF is arbitrary (they either are arbitrary or else vanishing), it follows that
% QffF ZEREN (EMNELAREEN, BAETE), dita§
1 6S 1 6S
VPV — = VAV ——. 59)
* \/E agocﬁ * \/E 5g0(p (
This is for the vector
JZO [ B AL
08 = Vai oS , (60)
\/E 5goc,6’
and one has the condition
BRI
VPEF = VEOP, (61)

which can be integrated as
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AR AR 152

0, =V, @+, (62)

where y = y,dx” is a harmonic form. The number of independent harmonic forms depends on the
manifold’s topology and is referred to as the first Betti number, b; (M), the dimension of the first cohomology
group, H! (M) . In case there are no harmonic forms in the spacetime manifold (which happens, in particular,
if it is diffeomorphic to R" ), this shows that the Bianchi identity is modified such that

Hriy = yodxP B—PNREATE R, MIZEME SRR T R AR, Sy — I
by (M), BI%E— ERER4EE H (M) » HNERIEHAEERER Gl S efn AT
R™ L HPNXAE D), X R 2B S ES N

VPEE = VAP = VAVPD. (63)

i.e., still holds when integrated over the whole of spacetime with the Diff invariant measure. The Weyl

invariance of the action means that

B, AR R R BN A i, RS, (EH BRIV R A ERE

0= fd"xw(x)gaﬁé,Z—Sﬁ, (64)
o4

which conveys the fact that, barring topological subtleties, the trace of the EM must be a total derivative

XK, fOHRINIT A, RERSITEIKEANDA N2 S

éS P
g(xﬁ@ = apz . (65)

To get the Ward identities out of the action’s symmetries, the parameters also need to be independent.
The standard method starts with a change of variables in the path integral expressing the expectation value
of a certain monomial of fields, X [gw,, gbi] , where 1; is a generic representation of matter fields.

ZMER BRI FRIES SR EE SN, SEUHRERILH, FRMETT T NREA T E 2 B BT
R, XTI B X (g, ;| FIHIERME, Hrb o, BV —RER,

(0, X[l 0.y = ¥ = f Do DYX [gvr 1] 'S S ma 01,

(66)
Namely, g,,, = g + V& + V,§, , this leads easily to the Ward identity

BB, T gy = Guv + Vily + Voky, XTI DUBSHES HREIES R
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5§
8gev (x)

X8 Yl 5=

SX[g. 0|, .
50 (x) >VV@

i<0+ > (U< v).
(67)

In the particular case X = 1, it states that the expectation value of the classical identity should vanish.
There may be, in general, quantum corrections to the naive identities, either in the form of anomalies [17] or
even limit cycles [18].

£ X =1 RRIEIE T, RIEFNRAZIES AR EN ST, —KiE, MARELFA]
REFAER FEIE, TR DURRE (17], EZEEBRIA [18],

Free Energy with External Sources in a Flat Background

FEFR FHAMNER E HRE

As mentioned above, to show the equivalence of UG and GR under all the weak field tests of gravitation,
this section will make use of the free energy. The study of the free energy of UG neglecting self-interaction in
the presence of external sources will show that it is fully equivalent to the GR one.

i EPmIA, NIER] UG 5 GRIEFTA 51 554K RSN, ATRFIH B eERIFTR. IREFEE
SR, R BB UG HEARERT AR, ‘E5 GR K H HEEE2FN.

First-order perturbations around a flat background correspond to

RA=NC B (bl S VK T E7 W YA

8uv = Mo + xhyy. (68)

Using the conventions of [11], in momentum space, the kinetic part for UG reads8

RASCHR [11] WETE, EshE=HF, UG KIBhRENTY 8

K/g]vpcr k (77/4,0771)0 + 77;10771)/3) (kvkan,up + Uﬂokvkp + kvkpn/.w + kvko”?,up)

n+2
(nﬂuk ko + Npokuko) = 5=k NyuTlpo- (69)

This can be expressed in terms of the Barnes-Rivers projectors; see Box 1.
XA DU - BB i - Ron; 2 0E 1.

Box 1
HE 1

Starting with the longitudinal and transverse projectors,
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MR E T A,

Oug = Nap — k;;#, Wap = k;;l;ﬁ. (B.1)
They obey
B
(continued)
(89

8 Compare this with the GR template, which, to this order, corresponds to the Fierz-Pauli (FP) spin-two

theory. Its kinetic energy piece reads

8 Rt 5 GR RUBRATEE, FEIZFT T, GRXMIE/RK-GRAI (FP) HjiE 2 #lie, HahReuwithy

8Kfp = k> (P07 + 10 — 21/0nP°)

— (kMkP¥° + kUK + KHKODYP + KPkPYHT — 2kMKVDPT — 2kPKOnHY).

Box 1 (continued)

HE 1(2%)

= Au LV _ SU —
6+C0=6u+0)’u—5“=1

e2ze§eg:eéze

W =w cuE,:cu’&Ew
tréb=n-—1,
tro=1. (B.2)

The four-index projectors are

Ve TN
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1

1
B=3 (8p0v0 + BusBrp) = ﬁelwepo

(Bup@uvo + Buo@up + Bup@uc + Buo®yp) s

1
BY = Ow@po
n—1
pws = 1 6 B3
0o = lwuv po ( . )
n —_—
They obey
BT
b b
Pl-aI';- — 5ij5abPi
be _ b
Pian c _ 5ij5a I}ac,
bpc _ b
Pia PjC — 6[]5 c%ac,
Piab}}cd — 5ij5bC5ad1:}a' (B.4)
as well as
PAK

trBy =05
trRy = wo,
Box 1 (continued)
HE 1(82
trB =0
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trByY =vVn—lw,,

1
tr B = ——=0,,,
Vn—1
1
B+R+R"+ B =5 (6407 +975p). (B.5)
Any symmetric operator can be written as
EREXFRE FER AT LAG
K =aPB +aR + apR’ + asB + a Ry, (B.6)
(where B = B*S + B ). Then
HA R =" +BY), TR
1 1 1 ag w ay s Ay x
K7 =—B+—R+———RK + B - RO
az 51 agay, — ax asay, — ax a,a,, — ax
(B.7)
Define the trace-free projector
TE XTI AT
By), 20 = £ (8385 + 636%) — ~1pom® (B.8)
(tr)po' - 2 pPYo pYo nnpan . .
Then, the following relations hold:
L CIECIVES S
(B)Mypa(}}r)pgAa = P2
-1 Vyn—1
BB, =B — R - YR,
n n
Vyn—1 1
BB, = B — ~——R" — _R",
RE, =R
pswp — psw _ Vn_lpws_lpw
0 fir =1o PR PR
Vyn—1 1
IJOWSBr — Pows — nTPOSw _ n 1_708. (Bg)
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From the properties presented in Box 1,

FRAEBHE 1 25 P PESR,
k2
KU=~§@5+2$+QH+2P)———@H+4P)
k2
+5#Vn—ug+ﬂ¥>— ((n=DB +Vn—1B* +R")
1 n—2 n—3n+ 2
—1,2) = _ _
_k{45 B - Vn %}. (70)
Then, it is plain that
THEE
Kion =0
§'.k =0=> lwpcé'pk = 0. (71)

To gauge fix the UG action, consider adding a gauge fixing term:

NTXRAREG1H (UG) 1EHBMMIEREIE, 5 IEESINGH N ALY & E T

Lor = hywKy " hoo, (72)
where using Eq. (B.4),
He A A (B.4) At
k6
57 = e
This corresponds in position space to a gauge fixing
IXAE AL B A B A BT RLTEE R S
Lop= 2 = (0,048 hyy — (1% hay) (74)
8f = QA& T 2A4 12y au) >

where A is an arbitrary mass scale. Let us remark that this gauge choice is admissible because it can be

reached uniquely through area-preserving diffeomorphism

Hp A BEBRERE, TEHANE, STEERZ TR, Foyen] DOBE SRR o> R R
— S

0,F* =0
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Sk, = _ngot (75)

The ghost system associated with it gets complicated because the gauge parameters are not independent,
° more will be said regarding this fact when dealing with one-loop UG in section "One-Loop Unimodular
Gravity.” However, this issue is irrelevant for the purposes at hand, which are purely tree-level.

H5Z RPN RAG LR, RAMTESEGF AN, © BITSE RS )7 —Tities
B AR DI M RIT B, (X FAS H AT O IemBr ey BV S, X RS,

At the end of the day,

=)
R,

n—2 n?—3n+2
4KY, = I?B, + ((n -1)ym? - — k2) B+ <m2 - Tk2> B+

n—2 — k®
<m2 + 7](2) n-— 1POX + WPI (76)

° A complete analysis can be found in [20].

9 SEEE AT AT WLSCHR [20],

Therefore, the Euclidean propagator is then given, for the gauge choice above, by

Rk, T EAROERE, BULESERTRRTHN

M* 1 n’>—3n+2
28 M, 2 _ 2\ ps
KA=PB+-7R (n—2)m2{<m pe k)PO+
((n -1m? - nn_zzkz)%w - (m2 + nn_—22k2> Vn-— 11%)X}. (77)
Any coupling of the gravitational fluctuation to an external source S;,, = [ d"xJ,,h*” has to comply
with
SITEKIE SIMNERHERREE Sin, = S d"XJ, h* HRLIH 2

0=0Siy = f A"y, (8,0, + 0,0,Q5 + w (x) hyy), (78)

which requires the sources to obey both 7,,,J#” = 0 and d,J*” = 0T . This means that it should be
related to some conserved symmetric tensor 1° by

IXESRIRFINE 7, JH” = 0 R 9, JH = 3T . W2, TRA il NS SHEXNFRGKE 10 KB
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1
Juw = Ty — ZTnMv. (79)

The free energy (or effective action) after the Gaussian functional integration reads

Tz AR O SR Y E I RE (BIERUERT )

W= 3 [ iy, (009 (i) o ) =

= 20" [ dmki, (k) 849 () e (1), (80)

and using the easily proven identities,
FHAHZIEREE,
(BJ),, =0
trJRJ =0,

(I'é)/,tv,ocr‘]lOcr = Tuo — meﬂvT

tr(JBJ) = |Ty|* - 1|T| ; (81)
it conveys the fact that
TFRATARES:
W] = %(2@2" d”k{]* (k) kzp“”’” k)J a(k)+C(k)|T(k)|2}, (82)

10° A priori this could be different from the usual conserved energy-momentum tensor although it will be

proven to be the same.

10 A priori, EFFERNFATEE K TEEZKE, NS —FZEMH,

where

=

1

)= T-1Dm-2)k*

(83)
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This yields the free energy

FH AT 15 E R RE

1 on [ 1 2
WiTl = 56 [ deg (Ml = =g 1T OF ) =

1 2n 1 2 1 2
= S@m) d”kp(|TﬂU| - I (o) ) (84)

This free energy (when expressed in the second form) is exactly the same as the prediction of GR, which
implies that the low energy physics, and so the low energy empirical tests of UG, are the same as in GR and
convey the same results. Only in the non-linear regime could some differences between both theories be

found.

2% E HRE (5 AN ST SGHMERIIN e 2 — 8, XEWERREVENE, a2
5177 (UG) RMRREL e, &M SCHXIE—3, SHIvEetfFE. REEIRLMXEA REXL
IRMEIEH 2 R

Consider as a particular example the computation of the Newtonian potential. In UG, the graviton field
hﬂv couples to the traceless part, THv , of the energy-momentum tensor a la Rosenfeld or, what is the same,

~

the traceless part of the graviton field, 4, , couples to the energy-momentum tensor defined a la Rosenfeld:

BATAF WA B BN BB 7. 5109, 51059 by, S TIRE >, BIREShKE o
[f) Tro | AT FRAE/REE X, SEE SN, B3] 74 by, AT B RIREE LGk

=)

B!

x N X ~
-5 / d¥xhy, TH = =2 f d*xh, TH?, (85)

where

E

~ 1 ~ 1
o = TH0 — 2T and By = by = M0 (86)

The Newtonian potential can then be obtained [19] from the tree-level one-graviton exchange, with trans-
fer momentum k, , between two very massive scalar particles by taking the static limit: k,, = (0, k) - Let Ay,
denote the amplitude for the one-graviton exchange between two scalar particles with masses M; and M, ,
respectively. In UG - see Eq. (85) - one has

5 A5 AT DO AR [ 57 8.5 | ) 7 2 4 21 [19], MR RIEANER T, BEBIR Nk, ,
B ASARER: Ky = (0,K), 0 B Ay ABERITHIR My F1 M, P RERL T 2 1851 ) 7R
W, RS —URK (85)—FAEFE

2
X , ~ ~ ,
A = —lZTﬁv (p1, P1) < h* (k) hP° (k) > T35 (P2, D) » (87)
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where k = p; — p; = p5 — p» - In the previous equation, < hv (k) hPo (—k) > denotes the free two-point

function of the traceless graviton field, and T, (p;, p;) ,

Hk = p, —p} = py—pro LA, < RH (k) hPT (k) > FIRTCIET| 11 T35 1 B 5 IR PR B,
E T,Llw (pi9 p{) )

i = 1,2, denotes the lowest order contribution to the on-shell matrix elements of the energy-momentum

tensor between (on-shell) states with momentum p; and p; , i = 1,2, respectively:

i=1,2, RREESKETIESNR T AN p; M1 p) BT A Z RITE 7R M TR BRARR ik, i = 1,2 97
H:

i ’ ’ ’ 1
T;ﬁv (pi’ pi) = pi,upiu + pivpiy + Ekznuv' (88)

Now, for very massive particles and for k,, = (0,k),

BUE, MNTREER T HIHE k, = (0,k) I,

1 . , .
2_MiT/i” (pi> p}) = Min#*°n*°, i=1,2 (89)
so that, in the static limit,
Kitt, TEFSIIRET,
1 _ NS 00 700
Wﬂlz = —lzm1m2 <h (k)h (—k) >, (90)

with k, = (0,k) - Itis the RHS of the previous equation which must be equal to the Newtonian potential
in Fourier space V p, (K) , where

Hfk, = (0,k), o ENEMLAETE R 2R AAHTE V iy, k), HF

12 MM
Ve (k) = -5 =57 (91)

Assuming that in UG the free graviton two-point function, < hy, (k) h,; (k) >, corresponds to

RS S 17 B 517 RORERREEL < hy,, (k) hyo (—k) > XM

i a (k)
<h,uv (k) hpa (_k)> = m (nuonvp + nypr)va - 77,uv77pc7) - z—kznm}’?pcr‘i'
b (k?) ¢ (k)
+W (kpkcrr),uv + kﬂkyﬂpg) + WkﬂkaPka’ (92)

where a(k?),b(k?), and c(k?) are arbitrary real functions. The ansatz in Eq. (92) is the most general
expression consistent with Lorentz covariance, boson symmetry, the symmetry of h, , and that when one

replaces in the free two-point function the tensor
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Hrfba(k?),b(k?*), H c(k*) ZEELERE, X (92) R RISCEDENE, B FERIE
o MFRPER R —BERIAT, AR B BN ROBRR B sk 2 I,

1
5 (77;467771/0 + nupnvcr - nﬂvnpa) . (93)

with the following sum over polarizations:

IR SRANGN T

) (=2
Z 52“,) sgw ), (94)
A=+2

Only a simple pole factor 1/k? multiplies this sum, as it befits the unitarity and the fact that the theory’s
classical action is quadratic on the derivatives. From Eq. (92), one obtains after a little algebra

ORFIRTXAFAE—DME AR T 1/k2 , IXTFE ZIEWER, S Eies el EN Sz
“IRBIERSL, X (92) TR R Al 13 2]

SO ; 1 c(k?)
<h/111 (k) hpo' (_k)> = 2_k2 77,ucr77vp + nupnva + _E + T nuvnpa +

() Kk ) ek 95
+w(panuv+ #vnpa)‘i'W,uvpa- )

Substituting the previous result in Eq. (90) - recalling that k,, = (0,k),, ,

R EREERAOAK (90)—ERZXE ky = (0,K),,,

12

This expression will match the Newtonian potential in (91) if, and only if, ¢ (~k?) = -4, which, by Lorentz

invariance, leads to

HHAY o(-K?) = =-4 I, ZREXGK 91) PRFTAILE, Z5580E LIRS

c(k?) = -4, (97)

regardless of the value of k,, . In summary, a triple pole in the k, k k k. contribution to the two-point
function in Eq. (92) is needed to get the Newtonian potential right. This is what happens when one works out
the propagator of UG by using the BRST technique explained in [20, 21] and discussed in section "One-Loop
Unimodular Gravity” below. Notice that when n = 4, the propagator in Eq. (167) yields the Newtonian
potential since the coefficient multiplying the contribution
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5k, FBYETC R, %L, BREEMFEE, X (92) M REER k,kkk, TR ZFE—D
=Me IXIERME [20,21] A, T BT 77 — LR BRST 754 UG £+
ISEIREER, RS n =4/, KX Q67) FRIERHETATDASGHAWE, KX R otk R 2L

k, k,k k
#26/30 (98)

is-4,atn=4.

1En=4kbN-4,

External Sources with a General Background

HA BB RIIME

In the presence of vacuum energy, Minkowski space is not a solution. Hence, it is not an appropriate
background. This section considers an arbitrary background g,,,, instead. Therefore, a closed form for the
free energy will not be available in this case. The analysis here will rely instead on a detailed analysis of the
field equations endowed with arbitrary sources. The conclusion will again be that the unimodular EM are
equivalent to the GR ones with vanishing CC. Expanding the Lagrangian in Eq. (31) up to the second order
in the metric perturbation around an arbitrary background,

FHEETREN, NRZRAER, REAREENER, A NEMEEERTR g, o XMHENR
NIEERRE HAERTHAERE, B e TR A ERIRR 5 R ABAT e, 45eKkIH
B ZRERNIRT RSN T FHERE OV SUHXIeZ REE7 7, Rhgil H &£
(31) FESHERE RALEMMILRIT E 0,

8uv = 8w t+ Kh;w’ (99)

reads

iz W)

1 n—1)m-2)(V )2
LUEg"R+( 4),1(2 ) gg =

L _ _ _2 —
gn [R +x (gR —h% Ry -V h+ Vavﬁhaﬁ>
{05, (hee¥ h 2V, (2hV hs — hV
T 172Vs ap | T 2Va o8~ P
—p— —p— —2 —_ = —  —C
—2hPY (v Vohog +V Vgho, =V hyg — Vﬁvvh> —2VhV h+
— — v — o _
+2V,hVgh — 2V ke V B 4+ Voh V. h + 4RERYR \5—
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h? _

Lpmbn-2) {K ( 20T, hE o+ (Vh) = 2(h T+ hPT )

4n?

OQI

(100)
The only way the linear term can vanish is by restricting either the allowed fluctuations or else the allowed
backgrounds through

LMW Z A ME—IR 2 I an T 77 SRR e VFA kv SRR R VPR =

_;,t ——
Vo
R R H PRy~ T ht T, Tght 27,8 - h“‘)?g o (101)
For maximally symmetric backgrounds, in which
T RANFRE R, Hi
_ 22
Ry = === 8w (102)
Eq. (101) reads
X (101) B
2 Vi V8V
V h =V, Vgh + 2vﬂh?g - h“”?’_‘%g - 0. (103)

A simple solution is restricting the background to be unimodular, § = 1. Then the offending terms
either vanish or else behave as total derivatives. Once a unimodular background is chosen, the linear term
corresponds to the EM for the background field

—MERNFRRERE RNARE R, g=1, ENTEREERNELETE, ELRWNE
S IEEABERG, MU N SR REE R

o (R,w - %Rg,w> — 0. (104)

The analysis of the EM of both theories around arbitrary backgrounds g, and g,,,, can now be done. The
Lagrangians for UG and GR with a CC, !! both expanded up to second order in linear perturbations, are

BRAERT DA AT EC B SHER T 5t g M 8, MR EWBE R, WA THERBHI LG h
(UG) 1 SUAHXTIE I RIAS B H 2 1 BRI T 220, 458N
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+2 = 1= —f , 1=  — 1—
Ly = 5 VEV,h = V,hV b + SV, OV b = 2V, R VER,
_RyhPnve 4 L ~hR pes _R(W 1y, (105)
vB B 7z~ 7 h hag )
and
|

Lory = %Wh@ﬂh - %@#hﬁph‘p‘ + %@ e i — S0, 0P Sn,

" o = 7 Vu
D 2
Rophbhee 4 TnRophed - B2 (% - %haﬁ’h“ﬁ). (106)

Assuming both backgrounds to correspond to maximally symmetric spaces in Eq. (102), Egs. (105) and
(106) reduce to

FHRIER (102) I RER R RANFRE2E, W (105) #1 (106) FfLH

2V h— 1V nV R + LV vy — LY pevin

Ly = R
U~ 2 = gV Pt Vu vl = 3 Vi vp

(107)

la,. & | PPN |IPN PN 1, PN
Lora = 7 VRV b = SN h VPG + SV 1PV g — 2V WP VE =

A (_ - haﬁhaﬁ). (108)

Sources for both theories can be introduced in the usual way by a linear coupling. In the case of GR, the
source is just the usual symmetric energy-momentum tensor 7,

s while UG, as discussed above, couples to
which obeys V J¥ = V¥T

the traceless source Juv 5

PAPELEAR AT DOEId SRR SR G IIR T XAEXHE, IRt F AR FRRE ) Bk &
Ty, TANEFTHE, 510 5TERIR I, MG, RIERE V,JH = VT

The EM for UG, dubbed EMU, read

ARG IR Z R AH T IE N EMU, B0

+

EMU = =gy,

2 lo = a8
Vh= 19, - ~VaVgh gy

1= = 1= = 1= =
EV#V-V]’I + EVMVahg + EV,,Vah’Z‘ = JM'V (109)

whereas the EM of general relativity, EMGR, are

M) SIS 2 R ErE 77 #1d 8 EMGR, B3N
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j PN ls o h,
Ev#vahg4-ivuvah“==1(— —lmv)+7hw (110)

11 1n the full non-linear theory, the CC is included in an arbitrary energy-momentum tensor. In the linear
approximation, this is not the case.

W AR BRI B IE T, TR AR E SRR EKED, EELIECP IR,

At this point, the result advertised in the introduction on the equivalence of the unimodular theory with
GR with an undetermined CC should be remembered. Fluctuations around a flat background were already
analyzed in the previous section, and full equivalence with GR with vanishing CC was found. To ensure that
this result is not an artifact of the flat background, it is worth repeating the analysis in this more general

setting.

Flt, TAIN HIEILG5 5 A HRESIE: ARG [ HEICEN TFH AR EORMER SEIE, £
—WELI T FEE R TR, KHEWHSEEN TR AR EONER S, 8T A
PR PEHE R AN Y, BAH D ELEX A —ARATHES N B 4

The first integrals from the EM can be derived to make things easy. The first one, I5g , is obtained by
taking the trace of the EMGR

MR, BATTRT DAHE S 2 RIHTE 7 R4 AT EE — R0, X SCRR B R 2 R E 75 R SR AT AT
R —DHE B Igr,

Pay P P 2
Igr = V2h = Vo Vgh*f — Ah = —T., (111)

whereas the second one stems from taking the covariant divergence of the EMU

M3 —BORIETX EMU K EERUE

2-n= (= <= 1=2 1
Iy == VL,(vavﬁhaﬁ—Ev h+ET)=O

PR —2
> VaVgh — LV h+ 5T =T, (112)

where T is an arbitrary constant. Assume that the background metric is the same for both theories,
12gw = §,» - After that, perform a field redefinition of the form h,, = H,, + aHg,, that would map one
theory into the other, with the possible addition of terms proportional to the first integrals, which are zero by

the use of the EM. This is equivalent to a search for constants a, C;, C, , and I' such that
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HA T E R R RPN BRI S BRI, g ., = 8, o 2R TSN hyyy = Hopphag,,

HIETE X, Re—PEIEBUREIS —4, AIRERAINE T 28— AIIT, IXLETAI A EM AIE

NE, XENTFHREW a,C, C, FIT 614

EMGR (Hy, + aHg,,) + Colgg (Hyy + aHg,,) =

= EMU (Hy,) + CilIy (Hyy) »

(113)
and
H
=2 n+2 C 1 n
VHgﬂU(W—W—E— (5—1)—C2(1+na—a)>+
= = 1 1 = = 1 1 n
+VaVﬁHa6gMV (Cl + C2 + 5 - ;l>+ V#VVH<§ - E —a(l - 5))4‘
1 n 20,  Cp+1
+ng,l(§ +a<§ —1>+C2(1+na))+gm,<T<n_2 + T>_C1F)+

+ Ty — Ty — AHy, = 0, (114)

12 This is a reasonable ansatz to check equivalence.

2 X Mase S R SR,

The equations obtained by demanding every factor to be zero are only compatible if the CC A vanishes.
In that case, the solution of the system is simply

ZORATE R BN ZER T REAMIE T H AR R A NENAR, N RAR R R RSN

1

a=——

n
2—n

C C, =
1+C n

(115)

_(n*@2C,—1)+n(4C, +4)—4
F_< 2n2 (n—2) )T'

To summarize,

&k LA
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1 n—2 1
EMGR <HMU — EHng) - TIGR (H,uv - ﬁHg/«w) =

= EMU (H,uv)' (116)

Juu:Tyv_%Tg,uv )
The physical meaning of what has been proved is that the unimodular EMU are a consequence of EMGR

when A4 = 0 only; it is the subsector corresponding to

FIREICHIYIRE SR Y A = 0 I, A EMU /2 EMGR I EHARER; EXNMF7 302

1
hGR = hf, - EhUng. (117)

It is worth remarking (again) that this is not a field redefinition; it is a truncation of GR such that h°R = 0
. There is no way to build the inverse map from EMU to EMGR. Given the fact that

EISHXEE, XHFABTEIEY; B XA hok = o .—fElr, TTIEEEMN EMU
ZI| EMGR FJ LGt ST

h=0, (118)

is a (partial) algebraic gauge fixing (which does not need ghosts); this shows that, at the level of the EM,
the unimodular theory is a truncation of GR with vanishing CC and with the source reduced to the traceless
part of the GR source. It is perhaps worth remarking that this does not necessarily follow from the fact that

the Lagrangian is so obtained (gauge conditions can only be used after the EM are derived).

72 (F85) REATEEE (ARERY); XRM, EiasiiRRH, KBRS ETH ¥
WEONF, RN RMEIRICIEER 73 e B — R, BFRRZEIEH, X — R P RRREMNL
B H B RAE 7 AR 2] (IR H e Eas T B S HE ).

No Birkhoff’s Theorem in UG

LB I AR e R e B

It would seem that Birkhoff’s theorem trivially holds in UG. After all, it is claimed [12] that UG is (clas-
sically at least) equivalent to GR with a CC unrelated to vacuum energy. So this would seem to close the

argument.

FEZ MAREREEEAMS [P EARMAL, EREEHR [12] F/, (BOSMER ) X85
NEN T FHAHEH) XA E, HIZFHEAH G EZRITR, XN EEFEss v
ik,

Another urban myth is that Birkhoff’s theorem is related to the fact that GR only propagates spin two
without any spin zero impurities. Given that UG also propagates spin two only, it should follow that Birkhoff’s
theorem should also hold for UG.

34



BNEWRKE, WNEFREREE S XA e LR EE 2 B, A& B 0 %X —Hk
X, BERKES R ERE B I 2 81X, PR E A 7e 2 R BN Y 78 X85 [ 1 Az,

Things are not so simple; recall the vacuum EM for UG derived in section ”Nonlinear Field Theory”:

HITGFRARX A, BAPREI—NME “JRERMZIL” —ThikSERINARS | AT 7

2-n)(2n—1) <VMngg 1(Vg) )
_= w |+

1
Ryp — ERglw + ) o n g

n—2(VuVog 1V?g '\ _
+ n <T - E?g’uv =0. (119)
In the Weyl gauge g = 1, they reduce to
FEBURME g = 170, BfTAIREA
1
Ry = ERgMU' (120)

The way to solve Eq. (119) is first to solve Eq. (120) for some unimodular metric y,z . Then any Weyl
rescaling of g is a solution to Eq. (119). The EM imply that in vacuum UG, spacetimes in this Weyl gauge are
constant curvature spaces. Therefore, a detailed analysis of the collapse should be made to ascertain under
what initial physical conditions a nonvanishing curvature is generated. Besides, many physical properties
are not Weyl invariant. For example, flat space is conformally related to both de Sitter and anti-de Sitter
spacetimes, both being Petrov type 0.

RAETTRE (119) (ITTIERFEE W FEN KR yop RIBTTHE (120), HBA yop FHERBBURGEHER R TT
R (119) . 77 REERM, FEEZEAESINH, ZBURME TN SHZ R iR, Fit, 3,
MRS T IR AT, DAREE MMM T 2 A AET iR, 1HAHh, REYH
PR BABURAZN, Bilan, ~FHEZE R R BV R P RN S, —F MRS K
0%,
All solutions to the complete UG EM can be characterized by one unimodular solution y,g in the Weyl
gauge g = 1 together with all their Weyl rescalings, g, = g%yalg . The unimodular metric y is equiva-
lent to the selection of a particular set of eigenvalues for one of the Petrov types (this being a Weyl invariant

classification); see Fig. 1.

e LRG| 13775 BRI Rl T DA AR 75 % BURRE g = 1 P — DA o, M E
ZIRRIFTE BRI 8op = 84Vap o LML y ST T NEZEMMRF D RAEE —HFFE RHEE (W
KPR IRBURTER); ZUHE 1,
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Fig. 1 Weyl gauge orbits and gauge fixing for metrics g = 1

B 1 M g = 1 BIBRITEHIE 5 HTEE E

Unimodular Cosmology

LB

Consider the simplest cosmological model keeping the topology of the constant time surfaces flat. The
corresponding metric in the unimodular gauge, g = 1, reads

2 TR ORFFSE I e #0F O ~F- SE A e By AR R, KAV PRI MM g = 1 FERan R

1/2

ds? = b(t)"?de? — b(t)"*8;;dxidxd, (121)

where b = b (t) , only depends on time. The cosmic normalized four-velocity vector field, u”uﬂ =1,is

given explicitly by

Hrp b = b (6) (BT ISR, 85— LPU4ERE R B wu, = 1 ALERETRN

ut = (b¥4,0,0,0). (122)

and the projector onto the three-space is

B =4 RN E TN
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0 0 0 O
01 0 O
I, = 65 — utu, = (123)
0 01 O
0 0 01
It is easy to check that this congruence is geodesic
AMERIEIZ R A2 T L
utvV,ut =0, (124)
and the volume expansion reads
AR AT S
3 db
= M = — _1/4_
0=V,u 4b TR (125)

The unimodular gauge has been used extensively, especially at the dawn of GR, in particular by Einstein
himself and also by Schwarzschild [22].

KAEMTEEH M, JUHAET SEXIE R I, 2 RIETEA N LUK 5 FL PR I i e
[22],

Once again, for this gauge, the EM in UG correspond to

B, MTRE, KSR TR Ry

1 1
Ry — 7R8u = 262 (le _ ZTguv>, (126)

where x? = 877G . The scalar curvature corresponding to Eq. (121) is

Hrx? =876, X (121) MM AIFRERIE N

3 [/dp)? d?b
R=- (E) +4bﬁ]. (127)

Considering matter as a perfect fluid with a stress-energy tensor,

KBl BA R B h B ok B BRI,

T;w = (P + P) UyUy — pg;w’ (128)

for which the energy-momentum conservation, V,T*Y = 0, is then equivalent to

I RERBN R V, T = 0 S F
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utvV, o+ (p+p)6=0.

Using Eq. (126) along with Eq. (124), Raychaudhuri’s equation [23] reduces to

gE R (126) 53 (124), FHFRALE R (23] AIfEL N

1 1 2
utv,6 + mez + 0450%F — wogw™ + —R+

Using the explicit form for the Ricci scalar in (127),

A (127) HEEFREEIER,

4
R = —Zu“VﬂG — 362

(n— 1)K2
n

(129)

(130)

(131)

Assuming, as it is usual for simplicity, vanishing shear and rotation, Oqg = Wag =0, in the physical

dimensionn =4,

GuIEE N AR, PIBRLEE n = 4 PUIERIIEFENZ 045 = wqp =0,

utv,0 +3x* (o + p) = 0.

(132)

It is worth remarking that, due to the tracelessness of the EM, it is not possible to express R in terms of T

EEERNE, BT, TTEMH T &R R 2 AATEER.
Using Ellis’ clever trick [24], one can define a length scale through

A FSRAETRI TS 2575 [24], BATA] POBE P RE X KERE

3
6= Tu/“‘V#l

actually

Kb

b~1%.

Finally, one can write Raychaudhuri’s equation (132) like

e, AR DR IR AE TR (132) BN

utuP [IV,V 1 = VIVl + % (o + p) 2 = 0.
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In vacuum, p = p = 0, and Raychaudhuri’ s equation reduces to

FEEZH, p=p=0, HNHETFHEETERELN

utv,0 =0.
This is easy to calculate:
TR AR B
u“V“G = u”VvV#u" = ——3
16Vb
The vacuum EM for UG read

ARG EZ TN

dt
The general solution to Eq. (138) is given by either

JiFE (138) FIEMR AT DAZ

b:bo

(a constant) corresponding to flat space, or else by
(—PEE) MCFEZR, 802

4

s 4
b (1) = H (3t — to)>,

db\? d?b
(F) ~*% =

db
dt

0.

(136)
_ %;? —o. (137)
(138)
(139)
(140)

which corresponds to de Sitter space. '3 Here, H, = 30 is the (constant) expansion rate, which for this

solution is arbitrary, as there is no physical scale in the problem that can determine it. It is to be emphasized

that this solution depends on two parameters, whereas the flat space solution depends only on one, being thus

less generic.

Xt REPIRF A, 12 AL, H, =36 2 (FED KR,

ZFPIZIRRZERRN, EAR RS

FERERfE ERVYIBINR . TRESRIFAVRE, XM S8, TP B2 R IURE— NS,

I P B A

This could have been anticipated because the vacuum EM in UG are just Einstein spaces:

XU AT AWULEY, RO K885 1 R E 23 5 75 R e 4 sl 2 2% A i tH 23 (R 75 7

1
R’uv = ZRgl'W.
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Flat space is just a pretty particular solution; non-zero constant curvature spacetimes [25] constitute the

more generic ones.
FEZRRZE MR R, AT E RN [25] 42 5 B IE TR,

It is sometimes asserted that UG is equivalent to general relativity in the gauge g = 1. However, this is

not true, as shown in this paragraph.
AR ARG [ HAERTE g = 1 RN T SEXE, EEMARRIR, X MREHAER.

First, the synchronous gauge cannot be reached with the residual gauge symmetry once in the unimod-
ular gauge. The best one can do [26] is

B, EALEMIEE, RISMTENRMETITESEIRS ML, AT [26] RES R RESTZE

ds? = a (1) d® — R? (t) §;jdxidx, (144)

where flat spatial sections have been chosen for simplicity. Einstein’s equations with vacuum energy

NEGER, XEEE T FEZERYIA, WEZRERNEZRIIET R

1
G;w = R,uv - ERg,uw Tyv = pg,uw (145)

13 In unimodular coordinates, the maximally symmetric, constant curvature de Sitter spacetime reads

13 FE LA, BRORXFR, R R IEPR RN S i 5

dt \? o
ds? = (ﬁ) — (3H1)"8,;dxidxi (141)

that is, precisely

MR, a2

b(t) ~t (142)

read

RZ
GOO = 313 = Kzap,
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aRR — 2aRR — aR?
Gij = 2 8ij = —°pR*3yj. (146)

The unimodular gauge implies

LTETREIRE

aR® =1, (147)

for which the straightforward solution is

HEEWRN

R =

R} + K\/g(t - to)] ,
-2
R+ x\/g - to)] . (148)

This is just flat space in vacuum (o = 0) and an exponential expansion in the synchronous time

a=

XEREETHFESEE (o = 0), XN EAHEREZAK

‘ dx 1\/? ( 2
T= =—,[=log R3+K\/t(t—t)>, (149)
-/ R3+K\/§(x—t0) KV P ’ 3 ’

in such a way that

AN R RAR

X [P(r_
R(1) = eV 5, (150)

and the exponential expansion disappears once p = 0.
S p =00, FEEIZAKIER

On the other hand, the unimodular gauge of GR is, of course, fully equivalent to the usual formulation

of GR in comoving coordinates [27,28] where the metric reads

F—77H, | AERIE R AT SR TE RN T HEh AR N SR IEE H RIA [27,28], HAE
MATE Ny

ds? = de® — a(r)’ ) 8;;dx'dx/, (151)

with a four-velocity
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u* =(1,0,0,0) (152)
and
H
u’vV,ut = 0. (153)
In this case,
EXAEN R
1da
6= 353. (154)

Again, the only difference between GR and UG stems from the EM. In detail, now the EM are the usual

Einstein ones

HERT O, 7 SRERHE S A5 E—E R FMER B3 77, BACRE, AR 77 Rl 2 W M
)% R it 75 7%

1
Ry — ERgW = 21Ty, (155)
in this case, the scalar of curvature reads
LI R bR E A5 N
6 [(da\’ d%a
= —; [(a) + CI.W . (156)
Raychaudhuri’s equation in comoving coordinates yields
B AR YR Ik BT R4S
2
—3<@> + 2a%x%p = 0. (157)
dt
In this case, the vacuum solution reduces to
XAEN T, BEXRIBLN
da
P 0 (158)

i.e.,, @ = 0, which is just flat spacetime. This is a subset of the unimodular result 6 = 0.
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Ble=0, X2 FEND, ERABLGR 6 =0 H—1 T4

Tree Diagrams

]S

A natural question to ask at this stage is whether the S-matrix would be the same for UG as for GR.
The propagators and the vertices are pretty different in both theories, so the answer to this question is not
immediate. In [29], the calculation of the nonvanishing tree-level three, four, and five graviton amplitudes
were compared with the diagrams in GR [30-32]. Complete agreement at the diagram level was found. In this
section, the key ingredients for that computation are presented.

TEIIRBT B B AR SR — AR X1E51) (UG) BY S FERER &5 ) AHAT IS (GR) BUHHFE., PifhEEie
HEERE T AT A AR BRI, RIHOX N RE RGBS R, £ [29] , 1EEXTHERH
level {3, 4, 5 5[ FIRIEHHRELRS T SHAIEFRIELER [30-32] #AT T EHER, AMERZHE
SR8, ATTRHNMHZIT RO ER,

To obtain the Feynman rules for UG, consider the action Eq. (31). The propagator is obtained by inverting
the second-order expansion '# of the Lagrangian - once properly gauge-fixed - presented in [21]. This reads

NIESAIESIARIZR SR, FATHRK (31 BIEHR. 5Tk [21] R, @ BEMEEEE,
&% 7 AT DB hoAs B H B R [ ot 14 SRR 2, FRIKON:

1 1 a a
— _hMVJ{2 _ 2 _fA2 had 2 had 2 _
L 4h 9%hy, —4nha h+( faf+2fa h+2haf>

- (8ucr @030 42 (0,1t %auh) ) (159)

14 Around a flat background, 6% = 8,,8,7,, -

UIEFERRINE, 6% = 0,0, o

The action can be written as

TERER IS

S = / d"xWAE, g WB, (160)

where

=
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FAB = GABa2 +J£§5M5v,

and
H
hHv
A=\ f
C/

The auxiliary tensors are defined as

HBhaK EE SN

1
3%a=1

1
Kithoo = 5 (M358 +108,°0).

The different matrices involved read

W R B FEREAN T
1/1 1
_Z (Z\‘Kﬁfpo‘ - ?pﬁw) 7)0(/3 %nuv g’?,uv
Gap = %77,00 -1 0 >
1 1
“gleo o3

1 B 8
0 0 = (og85 +o50%)
I8 = 0 0 0

> (0g05 + 6355) 0 0

For the gauge choice of [21], the graviton propagator in UG reads

RASCHR [21] IRTEIERE, KBS EISITERETh

1 1 a’n’*—n+2
UG — PR —
PMV,PO' Y (77/,10771/,0 + 77,up77vo) - F azn2 (n — 2) 77,uv77pcr+

+ 2 kpkan,uv + kukvnpcr _ 2n k,ukvkpka
n—2 k4 k4 n—-2 kb

Recall that the usual GR graviton propagator in the de Donder gauge,

[ — T, EE S E R T N5 10 &% T

i 2
1:;1%1;{30 = Z_kz <77ya77vp + 77/,tp77vcr - mnuvnpo) ’
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(161)

(162)

(163)

(164)

(165)

(166)

(167)

(168)



has only simple poles at k> = 0. In the UG propagator, there appear additional double and triple poles.
This is a technical complication that impedes a priori the application of the techniques [33] to reduce the
computation of the diagrams. Furthermore, it is possible to show that no gauge choice in UG can yield a
propagator of the form

{XFE Kk* = 0 SEAFAE SRR R FEAIESI A LB T, BUMEEL T DR = KR — PRk
AOMERT, Seiatifabs 1 [33] LR ETHRABORRIN . teoh, RTDAIERA, fEAIES|ITIR R FEAERE
25 AN IE UL R T RIMLEIE R

i
E,wpc = k2 (77,ucr77vp + Nppve — fi (kz) 77,uv77pcr) +

+f, (k?) (kpkpnlw + kﬂkvnpp) + f3(k?) kykokokp, (169)

k?) having no pole at k? = 0 if the Newtonian potential is to be obtained in the non-relativistic limit.
3 gnop p

The triple pole term in (167) is needed to recover the said potential.

f3 (kK?) HZAEAFMRHER IR TSR FIEA, wiAGELE k2 = 0 B, (167) PEI=ARRITZIRE
B HIB T,

The three-and-four graviton vertices are needed to calculate the four- and five-point amplitudes. These
are obtained from the second- and third-order expansion of the Lagrangian. The results can be presented in
a compact form via the parameter n . For GR vertices, n = 2, while for UG, n = 4. Using the all incoming

momenta convention in the diagrams in Figs. 2, 3, and 4, the three-graviton vertex reads

TR SR AR ARIEFR ZE R B =50 F IR M5 0 ¥ T, B iBhs i B &8 =k Ik
JIT52], S5RAILUEE 2 n IRBOERETR, N SHHMEITA, n=2, TNTAIES
N, n=4, RME 2, 3, 4 FITESIESINANLE, =517 N:

Hv,pp,08 _
V(pl,pz,p3) -
_ s [CHM Py - ) [P nfonfP  ayenfenpte  pipiepte]
2n n2 n 2+n
207 9PPplps 1 2+ m) 0P b P
+ _— +§n’"’n”"pi"p§ - S — 2P P piph
B 0P P pH B pop pX aB 0P pH v
ey pPpt 4 1 npip; L 2P ey 20t 2p1p2+
n n n
M LU P P
+w + (pl . pz) U“Unﬁpnﬂp . (170)

Fig. 2u channel

& 2u jE
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Fig. 3 t channel

& 3tiE

Fig. 4 s channel

& 4siE
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The four-graviton vertex corresponds to

P95 1) T s X T

0Bk _ (2+n)(ps - py) [g7gFog™ gt gheg*Pgnig»o
yieaabal _ IZSKS{ (7 - ps 878" 8T8 SVET | guegaigiogn |-

o8 C+1)(ps - pa)ggPg" g (2+1)(ps - ps) 8878 g

1
=5 (ps - P4) 787 g8

2n2 n3
(P3- D) [ 8878 8P oA ppeavanepa L 808180 gP
” o T8ETe g — nghtggiogtt + 1 +
2+n g,uvgotﬁgn/lpp pa
+gungaog/3’/1 pY pﬁ + S [gﬂpgaﬁgwl pSps — Tﬂ + zguocgmguﬁ p’; |-

an oA 2P O o P8 oA 2V O
g"°g™g p3p4_gﬂag,,vgmp§pg_2g“g i P3Pa

1
— 2 ghtP gaN oA T U
587878 pP3ps + n

HP 5AT GHA 13U B
+2g#pgalgnopgpf — 2‘@

MU 501 GOA 1O B
+Zgungp/lgavpgpf_2g g i p3p4+

+2g“”gf’°‘g’”p§’pf _ zg“”gp“g“pé’pf N g8 piph  g"eg™ hvh

n2 n 2n? n

g Pg g phph ,8g"78 P pip; _ g°gP7g* pipg

2n n n3

+gHP g0 g% pi ply —

N g g*Pgpipi ,8°8%7g" py p} N L8418 pl i
n2 n n2

(171)

_,8°e*e"pipi | g8 pip;
n n2 )

where 8 is a shorthand for a double symmetrization, namely:
Hrp s BWENRLAES, A
1. A summation over all momentum-index combinations (p,, uv; p,,00 ;; P3,AB; PasNA)
1. XAfrE dhE-febndd & K (py, uv; py,po ;5 p3»aB; pa,nid)
2. A symmetrization of each pair on indices uv, po, af , and nd
2. ME—XHERHA TN FRIE po, po, af , and
The fact that UG perturbatively expanded around Minkowski space is Lorentz invariant and the graviton

polarizations are the same as in GR means, by the standard analysis - see [34] - that the on-shell three-point

amplitudes vanish on-shell for real momenta. Since the little group scaling operates in UG precisely in the
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same manner as in GR, it is plain that for conserved complex momenta, the on-shell nonvanishing three-
point amplitudes are the same in both theories but, perhaps, for a global constant. By explicit computation
of the corresponding diagrams, it can be shown that the constant in question is the same in both theories, as
it becomes the fact that the classical Newton constant is also the same in both theories; see section “Physical

Sources.”

£ e )] B LR TS UG A TRCAE 2 E, HHSIH TS XL GR AR —2,
IRFEARIE DT (S WSCRR [34]), IXERE Kah& PRI = RIRIBE SN F, BT UG /MR
&35 GR FHEER 75N 2R, IRIEX T EEahE, MAEIE PR ERE T = RiRIE2
—EH, BEMEDREFEC @R E SR DUER, MAEIE )% SO AR
9, IXREDyNATELS PRSIV EE D E AR, 20 “YERT —,

Having clarified the three-graviton diagrams, one can further consider four-graviton tree amplitudes.
Since the pure four-vertex diagram vanishes, only three types of diagrams involve four external gravitons.
These are the well-known s, ¢, and u channels; see Figs. 2,3, and 4.

FEFE =51 FEG, BATA] L2 EEMN5 0 FiiRkiE, BTAmeEANE, FE=kE
BINIEI T FHIE, BIRZEAHN s, ¢ M uil; Z2UE 2. E 3 HIE 4,

Following [13], the polarization tensors for the gravitons are written in terms of those of the gluon:

ARPESCHR [13], 510 7 B9 K& T AR IR ALK BN

€y = EuEy = €y pp = Caabpp ANA €0, 0 = €048, (172)
The resulting amplitudes are then
SRR
As (1—2—; 3+4+) — gl—ﬂl El_vl EZ—MZ Ez—vz V(lz;llt);élf;)vz’aﬁpa,,@,p,av(ﬁ;i;ﬁ;?;:)’mw E;M3 5;03 EZM 5204
. 2 2 2
idx*(e; - ey-e3)(ey-
__ (e1 - p2) (e e3) (eq Pz)’ (173)

52

A, (1734;274%) = El—ﬂ1£1—01£3—ﬂ3 83—03 yH 0101,#303,0431;

g, Uy,, Vg _— —Uy — -,
s a’ﬁ,P’OVP M2U2,H404 I-lzs 254“454 4

(p.p2p4) 2 &2
=0,
(174)

Au (1—4+; 2—3+) — 81—#1 El_Ul 82#48204 V#lvl,#4v4,dﬁp

O,UaU2,U3V3 _— —Uy _— —U
(oLpi) oz,ﬁ,p,chp M2U2,M303 #28 283#383 3

(.p2p3) 2 &

) 2 2 2
_ i (ey - pa)(ex - e3) (es - D2)
u2 '

(175)
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In Egs. (173),(174), and (175), as usual, s = p; + p, and u = pl + p3. These amplitudes are diagram to

diagram the same as those for GR.

1ER (173). (174) #1 (175) H, FEF—F, s=p; + p,andu = pl + p3 , XEHRIFZES GR H
HRIESE 2 —2

This equivalence is maintained for the tree diagrams with five external gravitons, as shown in [29].
GRS [29] FoR, TS 1 F RISt RS T IR M1

To summarize, it has been shown that the maximal helicity violating (MHYV), three, four, and five gravi-
ton tree amplitudes give the same contribution in GR and UG. Moreover, this result holds for each diagram
independently and not only for the total amplitude. Therefore, at least at tree level, and with three, four, or
five external legs, the MHV contribution to the S matrix for pure gravity without coupling to other fields is

the same in both theories.

RSz, BAEIERRIARRIBIEBIS MHV) =, U, L5/ FRRIEE GR 1 UG Héa i
[FIEITTRR, BEAh, SR EMZEGZ, RO EIRIEGL, B, EDEMEDKE, HXY
T=. W ANIMERIGDL, MG HMZRAE5] 7 S FEFER MEV stk tE FATER IS FH 2 AR R Y,

A remarkable fact is that all the terms that involve the double and triple poles in the propagator of UG

(167) do not contribute to any diagram.
—MERERNELE, UG &1 (167) THTH B & AU RN = sl A0 (T [ 4R 752 BTk

This cancelation is not trivial, and it came as a surprise in the original work. Indeed, in UG, one obtains

the following non-zero result:

XAHGEFAEE N, ERIINHRFIXZE— AR R, SLhr b, 7 UG Hr] DS 2n ~E
FLER:

kakgVin ot ®ey 1 () €200 (@) = ix (p- @) (p - £2) (0 €1) (&1 - €2). (176)

when k = —p — q is off-shell and the polarizations with well-defined helicity &, (p) = €1, (p) €1, (P)
and €,,5 (q) = €55 (q) &35 (@) are arbitrary. On the other hand, the computation of the corresponding object in
GR yields a vanishing result as a consequence of Diff invariance. It could be that the gauge invariance of UG
and the fact that the only physical degrees of freedom in perturbative UG are gravitons are the ones to be held

responsible, at least partially, for this cancellation.

Hk= —P—1q %%: HEAWERIEE E1uv (p) = E1u (p)ew (p) Hl €200 (@ = €20 (@) €25 (@) AL
EER, 5—7H, BT FEREAEME, GR NN ERITHELSERAT, UG RITERENE, DAk
L UG A EE B R 5 [ FIX—H5L, Z/DE 2 XMiRiE AR A,
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One-Loop Unimodular Gravity

R A5

Until this point, the comparison of UG and GR has considered the EM and their solutions and tree dia-
grams. Both UG and GR propagate the same number of degrees of freedom. Furthermore, the tree diagrams
explored in section "Tree Diagrams” coincide with those of GR despite the notable differences for the propa-
gators in both theories. The reader may then be inclined to think that it must be the case that any tree-level
computation might be equivalent for both theories. Computations in section "Tree Diagrams” explicitly show

that this is far from trivial.

FEt, BATLXEG]H7 (UG) 1T~ A IE (GR) WELERE & MzE 1377712, EMBIARLAR R E ., £
RS AN SOHEXe TR B R R, thAh, REMMBEICHERE FAEREER, “WE”
— RS E 55 SRR AR B — 2, RIsEE lRES A TN, AR TR,
HRARDREN, B “WE" — TR RIARA, SR Emt,

In any case, any potential equivalence at the tree level need not extrapolate to loop-level computations.
In the path integral approach to the quantization of UG, the path integral measure must incorporate the fact

that the gauge group is not Diff but WTDIff, as discussed, for example, in [35].

Teieaa], MRRITEESM M FE AT ERE RIS E, ([EaEanscik [35]) AT, fFEAES]
HE TR 7515, BAR TR FE A5 [ERITEBEAS 220 R AR EE (Diff) T2 AR IR
5> AR (WTDIff) X —ZE 52,

Therefore, while on-shell states match for both UG and GR, since the two theories do not share gauge
groups, while GR gravitons running on loops being off-shell need not be traceless, UG gravitons are traceless
even inside loops. Simply put, loops run over different states in each case. Therefore, in perturbation theory,
at least a priori, one lacks a reason to expect the cancellations of these differences at higher orders. From the
reasons above, one could expect potential differences to arise between UG and GR at the one-loop level.

Rlt, RE ARSI SR RITE S —8, EMMBELNERIRERE A HEE: 7 S e
[l Lisshf 55 R IC Y, ARG RS RIMEE B PN 2 TEI R, fay Bk i,
PR LA R DR R A RIRTAS, BIEREties, £0uhKRE, BMAEBmIXEERR
FERMHRIE. BT ERERE, AR DA 285 A1 SHEXHIRTE SR BB EE R

In the last part of this chapter, a particular formalism !° that allows dealing with the involved gauge sector

of UG in one-loop computations is presented.
AERG—EDPENH MR RER 1, AT HTEBE LS ) S R 2 2R TE X,

Consider the background field expansion. Once again, the metric is split field into the sum of a classical
and a quantum part:

FEHERREIT, BRI N MR M8 - 2 .
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8uv = 8uv + xhyy. (177)

Additionally, assume the measure of the path integral is shift-invariant, i.e.,

A, (RSN BA AN, A

f [Dguu|expliS[g]+T- gl = f [Dhyy]exp[iS[h]+ T - g], (178)

where T - g represents the sources that are added to the partition function to obtain field expectation
values by functional differentiation

Hrp T - g FooNBIE Iz Mo S 215 B E T AN 2 AL 7 R ECH R IR

7ﬂg=/d%J@W@w. (179)

The beauty of this method is that it allows fixing the gauge of the quantum part while preserving the
gauge invariance of the background. Then all computations are invariant under gauge transformations of the
background. !¢ The same happens for the counterterms.

TR S TET, B0 DATEEE & 73 Ma i RN R B SRR, (RI A T E AR TE
HRATER# NMRRFAZ, 16 counterterms(HEIHIN) /240t

As it happens for other gauge theories, gauge freedom introduces an indeterminacy in the path integral.
To resolve this, one often uses the DeWitt-Feynman-Faddeev-Popov method [37, 38]. This adds to the original
action, a part coming from the gauge fixing and certain ghost content representing the Jacobian of the gauge

fixing condition.

MHARYEHE I —8, M0 EHESSERRRS TR HENE. N TR, AMTEEE
FHl DeWitt-Feynman-Faddeev-Popov 7712 [37, 381, %7 IATEE/EH &I TRk B AVEE & R,
PARARFHNTE [ 7E S5 A HfE AT EL Y SR TR,

S—>S+ SG,F + SGh (180)

15 This choice is by no means unique, and there is an ongoing discussion on whether different approaches
to the quantization might yield different results [36]. Despite its interest, this possible inequivalence will not

be further discussed here.

D XA AEME—, BT ARR T TER G R/ HAFESRIFEITIE [36], RERXME
ERFEMMRARE, AP RIF#H—P e,

16 1t is in this sense that this approach is covariant.

16 IR ERYL, ZTTIE RN,
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Finding a gauge fixing condition for the quantum WTDiff that preserves the background’s WTDiff in-
variance is an open problem [39]. Invariance under WTDiff implies, in particular, that the generators of the

TDiff sector have to be transverse.

A R = WTDIff A2 & 7 WTDIff Ji7E E & &2 — DU [39], WTDIff RRYAZE
HILHEERE, TDIff(RIAFIH R XA BT AU EE

This is the main reason for the more involved nature of the gauge sector of UG. Nevertheless, these

complications can be tackled at the expense of introducing new !7 bosonic ghost fields.

X ARG IEX N B E R, A, IXEEE XA AT OB 5 AFH V7 Bt R
HRARR

To resolve the technicalities discussed above, one can consider the BRST approach as an alternative to
the usual gauge fixing procedure. The basic ideas for the unfamiliar reader are summarized below. It was
found that the gauge fixed action Eq. (180) is invariant under a BRST transformation [40,41]. This implies
that the physical content of the gauge theory is given by the cohomology class of the BRST nilpotent operator
3 . In the case at hand, one can split

N T RR EREOR NS, BATTA] PAKE BRST 5 IE(EAN HE MMVEEER PRI TR, PO
BGRB8 T HADEE, WD, 3\ (180) ARV E (EH &/ BRST Z8Ht MR A22
[40,41], XEREMEHICHIYIEINA H BRST BEH T ¢ (U ERARSA H, ERMHIERENA,
GRS,

8 = 3y + 8p, where (181)
88 =0, (182)
8Ny, = 8phyy + 8whyy = Lon (Guo + hyw) + 2¢ (Guo + hyww) - (183)

The action is given in terms of the original Lagrangian density by

TERERFENARI R E RS, B0

SBRST = /‘d4x5 + glp (184)

Now, because the generator of the volume-preserving diffeomorphism is transverse, so must be the asso-
ciated ghost field c* :

e, BT ORAB I FRRERTTR AR, KBRS o U2 AR

Dyck =0, (185)
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where the transversality condition is given by the Weyl covariant derivative.
HiE M2 MR 2 S gA o

The easiest way to implement this is using a projector [21,39] IT}, acting on an unrestricted ¢V . This

introduces a U (1) invariance:
SEHIX — R A R A A BEE AT [21,39) T FERITEARSZIRM ¥ b X2FIA—DNUQ) R

A

¢’ - DVf (186)

A general treatment of such an algebra requires introducing the BV quantization techniques [42,43].
Nevertheless, in this case, the procedure can be carried out, to the one-loop level, by enlarging the ghost
content of the theory [44-46]. Let us now give the guidelines to do so.

XX RAEH) AT ET I BV BFUEOK [42,43], (HEARIGOH, A PosEdy et
MR [44-46], T EREKT, TEIRMN%G HBARIENRBHESR,

The first step is to include the necessary set of anti-ghost and auxiliary fields that close the algebra.
HHRBIINHARBIHRENEER RS Hh,
00,60, B, 09, 402

7LD (D) &0,-2) (0,0)

LD p=D) £(0,0), (187)

17 Not present for GR.

T SRS AR IR,

where, in the label (n, m) , n denotes the Grassmann number (modulo 2) and m is the ghost number. The
first line corresponds to the physical graviton and the ghost fields that one would naively need for Diff. In
addition, ¢ corresponds to the U (1) transformation. The second line has the ghost content to fix that U (1),
and the last line corresponds to the Weyl invariance.

HAAREE (n, m), n TSR 8 (B 2), m BRE FATHNWESI+, PRI FRELE
HEN EFREART, FA, ¢ XN U Q) L, B ATREE UQ) iRl RY, &ie—1TAMA

IR,
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This is enough to make 3 nil-potent to the one-loop level, ensuring BRST invariance of the total action.

For completeness, the counterterm reads

X e DMRIETE KT 8 2R, MRS /ER & A BRST A28, N7EF&E U, countert-
erm(fLiEIN) 5 H

i Weyl 1,1 1,1 1,1
SRl + Spray = fd"xb’" (I:lzcil ) _ ZRMPVPV”CS, ) |:|Ruf’c53 )_
—ZVOR,/JVUC%’D _ Rupvacgll,l)) _ 6(0,—2)|:|¢(0,2) + 7T(1’_1)|:|7T'(1’1)—
_Pi (FMF# + Vﬂc’(O’O)V“c’(O’O) + ZF’LLV“C'(O’O)) - f(O,O)Df(O,O) + %f(o’o)[lh+
1

1
+%h[|f(°’°) + 2nab®~DOctD, where F, = VVhy, — Evuh ) (188)

Once the ghost content issue is solved, one can apply the Schwinger-DeWitt proper time expansion ' to
calculate the divergences of UG [21]. Let us present here the main ideas. The sum of the divergent parts !°
corresponds to [21]

RN AR RIS, AT AN iR A% - (8 A (8] A I (R RO 18 TS ) (UG) B RO
[21], BAHEXENBROERE, KRG HIA 10 XM [21]

1 1 11 1
/ d"x (—9RumﬁR#U“ﬁ + (— - ﬁ)RwRMM

© = Ten2n—4 90 602~ 90
1 3\,
+ (22 - E)R ) (189)

Start by focusing on the issue of on-shell renormalizability. It is known that although GR is one-loop
finite in the absence of a CC, this property is lost in its presence. The on-shell counterterm, in this case, was

obtained in [47], and it amounts to a renormalization of the CC and is proportional to

BAVeRREEF AT BB, CH, RE SHMNIEENAETHFAHE (CO) N EREHIR,
HIAFAETHZHEN, XK, XAER N, E7RHIEESR [47] Pieg], ext
N FHERRERAY, HIEHT

1142 2) . (190)

1 53
GR — 4, (22 uvaB _
W = Tt =) f‘/gd x(45R“”“/3R 135

18 See [49] for an introduction to these techniques.
18 XFIXLEER AR 0] 2 UL [49],

19 The result in Eq. (189), which uses the gauge choice of [21], could seem to imply that one cannot
make the terms proportional to R and R? vanish, but as (190) shows, one can remove these terms employing

a two-parameter gauge fixing [48].
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19 3K (189) RULESRRA 7 3CHR [21] FUMYEIERE, BB TIAHRIELLT R M R? BYIT, {HIEW
3 (190) AR, BAITRT PUEIE XS EOMTEENE [48] 1HRIX LT,

Since the main attractive feature of UG is precisely the different role that the CC plays in contrast to GR,
it is interesting to see what happens here with the renormalization group flow when the counterterm is taken
to be on-shell so that all external legs correspond to physical states. In that case, the EM for the g = 1 fixed

background are the traceless Einstein equations

F T B S | 7 B 5 | AR R LB 3 a7 "2 B BT I A (o 5 SCRGHE AN ], AT 5 4 TR AE
ek (FrA SNBAON M BEAS) I, FRERMABRIIT AR EXMELT, g=1
T RHZRNHzsh R e Z R HE T R

1
Ryy = 7 Rgu =0, (191)

which, altogether with Bianchi identities, imply the following for the operators appearing in the effective

action:

Satb i EER, IAEMEHES HIIRERR RN T XA

RyyapRF™F = By, (192)

R,,RH = 1RZ (193)
124 4

R = constant. (194)

The first line is nothing more than the Gauss-Bonnet theorem when considering the EM. E, is thus the
Pfaffian (the Euler density), whose integral gives the Euler characteristic of the manifold.

FRERNIHBEN RN, $TER&-EREEl, Kt E, @R (RAEE), ErHRD
28 iR LR

By using these, the on-shell effective action can be cast in the form

A ERXR, FERARIEARR S MM ER

Wonshell — # - i 2 f d"x (%a - %RZ) . (195)

The contribution of the CC to the effective action is a non-dynamical quantity. Furthermore, this contri-
bution does not couple to the metric because the \/E factor in the integration measure is absent. This implies
one can disregard this term since it will not contribute to any correlator involving physical fields. One can
therefore conclude that in this case, there is no renormalization of the CC, and its peculiar status in UG is

preserved through quantum corrections.
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TR AR BN AREH BRI TTEVE — NS, 1SN, BTRNERAFE g BF, %5
WA 5 EERUR & o IXTRIRE TRATTA] DURBEIX — IR, KON AR KB 1 SR R 80 2 51
Bko RIERT PG HHESIR: FEIZTROL S, T PAHBAFEERA, CE LRSI PR R R
TEIE TS ARE,

Indeed, this effect is not specific to one-loop computations. The bare value of the CC is protected, and

quantum corrections do not modify it.
HEL b, R HNRRTRETR, FHEAFROREZEIRY, BETBETSKEE,

It could be thought that this effect is just a gauge artifact of our background choice y = 1. However, it
can be easily argued that this is not the case. As previously commented in this work, to obtain the effective
action for an arbitrary background from the one with a unimodular background metric, it is enough to make

a change of variables so that

ANATRER NI DB R BATE RIERE y = 1 HERAOMTEERANL, (HIRATA] DURA 7 i %
KFARUNE, ENAS ZRIFE, HENABE RERNSGREGIERERIEREHR, JFE
TR B, (1S

1
Yuo = 8 "8uv- (196)
This transformation is available as long as a conformal anomaly is not generated. This has been argued to
be the case since a regularization scheme exists in which the anomaly vanishes [50]. Although this argument
bears similarity to the classic work of [51], here it is applied to a tautological symmetry (what Duff [52] calls
pseudo-Weyl invariance) because there is a field redefinition in which the symmetry disappears. In this case,

the consensus is [52] that there is no anomaly. Nevertheless, the final word on this point is still to be said.

REREIIERE, XA RR AR, EAFIERRX B0 ALH), FNFEE— N ER
LT HAT LA TH K [50], REIX—IRIESSCHR [51] AUZR L TAEAREL, (HASSC AR e B T —Fr
EE AR (AR [52] ATt R MVRAZENE), BRIOMAFAER] PALEIZN FRIETH R B EE o FEIXA
b, “EFREFERE [52) NMEERKE. REWM, XTR—RRSEEEIRTTE RS Ra H.

When doing this, one can see that the real reason for the CC not being renormalized is indeed the presence
of Weyl invariance in the formalism, which protects the appearance of any mass scale in the effective action
and, as a consequence, in the expectation value of the EM. Therefore, the argument holds, and the CC is
protected and fixed to its bare value all along the renormalization group flow and at any loop order.

FEMIX S ] UK IR, T A B E R B R RS2 R R R IR,
BRI T AEREHET A HIERERE, MR, fER3IEKENIEETEAZHIRE
W, R, ERICIERGZ, ERADERMERT. EEEHT, FiAREEZEIR, hENE
TN ERIRE
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Summary

R

This work is devoted to an introduction to unimodular gravity (UG).
RXETINBARKG ) (UG,

The primary motivation to consider UG is the role of the cosmological constant in this theory. The main
difference in this respect is that a constant vacuum energy does not weigh at all and does not induce a cosmo-
logical constant.

W ARG [ IR OALIE T T8 AR BRI P I E . X — 7R B2 XGIE T HEES
REREZEIRP RS A5, AR ESHTHER,

The most direct path to UG is to start by demanding the unitarity of the linear, spin-two field theory.
There are only two solutions: one is the Fierz-Pauli theory and the other is UG.

1SRN LB ) B R R NEREME B E 2 HICM K IEETR, (UFTERM R —f2IER
Wi-CRAERR, S —Mul 251,

After this, a general discussion on the fully non-linear EM and their solutions has been presented. The
coupling to matter sources is discussed in detail in section "Physical Sources.” The static potential agrees
precisely with the one of general relativity (GR). It can also be argued at the non-linear level that there is
an equivalence of sorts between UG and GR with some cosmological constant, which is determined by the
boundary conditions of the equations of motion and is not related to the presence of any vacuum energy.

)G, AN &7 LT T 2 e, £ MEE —Tirdihe 7 5%
FRRRIR S, HERSHS5T SUHMNIE (GR) A REE 8 EIRLMZm AT DUER], X510
iR FEHEEEHT SIS ERMENE, R T HEAERIzsh T BIAREE, 5
ETEZERERAFET R,

It has even been claimed that the equivalence from the classical perspective can be generalized to higher-
derivative theories of gravity; see [36]. However, Birkhoff’s theorem is not valid in UG for a variety of reasons;
see section "No Birkhoff’s Theorem in UG.” This leads, in particular, to exponentially expanding vacuum
solutions in cosmology discussed in section “Unimodular Cosmology.” The last part of this chapter deals with
a perturbative formulation of the path integral. Some improvement over GR in the ultraviolet is expected
here because there is no integration over the conformal factor in UG. However, this fact is obscured in the
Weyl invariant formulation presented in this work. Moreover, BRST symmetry is somewhat tricky due to the
interference between Weyl and TDiff symmetries.

57



EEEWAINN, S NS TER] DT 2&0 S85 0EIE; 2 0Kk [36], HE T2
R, (7B REBEABS AR, S0 TABG RN FEEERER ) —T, XIUH
FIHT TARFHY) —WIHeRFHAH BRI AR, AERE 2 THE TR/
MR, T A5 [P A ITER 7y, BUHESSMEBAE LT SR e o, (HiX—
REAEAE HRIIVRAZFRHFF AL, A, HTIVRNIRMES o0 R AR B E T,
BRST X FRPERIAC B N B 2%,

In doing so, tree-level amplitudes are discussed in section "Tree Diagrams” (finding complete agreement

with GR), followed by a brief discussion on the one-loop formulation of unimodular gravity.

FEHAMEZRT, TRHED — TN T RERIE (GRS M IEEE—2), MERZENE T X85
1) BRI

The main result, first found in [13] and explicitly shown here, is that the cosmological constant is stable

under radiative corrections.
AIAMfER T SO SCHR [13] 58I OSSR T8 H BERR SHE IE N EREM,

Some important topics that have not found a place in this work are the construction of a Hamiltonian for
unimodular gravity, which can be used, for example, to study the Noether charges of the theory, an explicit

discussion of the conformal factor in the path integral, and the York-Gibbons-Hawking boundary correction.

ARSOORAE A 25 A B B A XS IR TR AUAE (AT TR FOXBHC AR, B
LB R TR IR, DAL S AR E RSB IE,
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